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The aim is to coordinatize generalized quadrangles of order (s, s + 2) in terms 
of a certain group of automorphisms and a planar ternary ring. We do this by 
using the coordinatization method of Payne (J. Algebra 31 (1974), 3677391) for 
generalized quadrangles of order s + 1. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
1.1. DEFINITIONS. A finite generalized quadrangle is an incidence struc- 
ture S= (P, B, I) with P and B sets of objects called points and lines resp., 
with a symmetric point-line incidence relation I which satisfies the follow- 
ing axioms: 
(i) each point is incident with 1 + t lines (t > 1) and two distinct 
points are incident with at most one line; 
(ii) each line is incident with 1 +s points (s 2 1) and two distinct 
lines are incident with at most one point; 
(iii) for each point x and each line L, x#L, there exists a unique pair 
(y,M)~PxBsuch that xIMIyIL. 
We call s and t the parameters of S and (s, t) (or s ifs = t) the order of S. 
There holds /PI=v=(s+l)(st+l), IBI=b=(t+l)(st+l), and 
s+ t 1 st(s+ l)(t+ 1) [13]. 
1 
0097-3165/88 $3.00 
Copyright 0 1988 by Academic Press, Inc. 
All rights of reproduction m any form reserved. 
2 DE SOETE AND THAS 
Moreover there is a point-line duality, interchanging in each definition or 
theorem the words point and line, and the parameters s and t. 
Let S = (P, B, I) be a generalized quadrangle of order (s, t). For x E P, 
we define the “star” of x as st(x)=xl={yEPIl y-x}; remark that 
XEXI. The “trace” of two distinct points x, y is the set tr(x, y) = 
{x,y}~=xinyi.Noticethat~{x,y}~/=s+1ifx-yand~{x,y}~~= 
t + 1 if x 4 y. For two distinct points x, y the “spun” of (x, y) is defined as 
the set sp(x, y)= (x, y}“= {UEP 11 UEZ~, VZE {x, y}‘}. If x 4 y, we 
call {x, y}l’ also the hyperbolic line through x, y. There holds 
1(x, y}‘ll=s+l ifx- yand I{x,y}“l<t+l ifx 4 y. Wecallapair 
(x,y),x#y,reguluriffx-yorx7LyandI(x,y}ii/=t+1.Apointxis 
regular iff (x, y) is regular, for all y E P, y # x. 
A spread of S is a set 2 of lines such that each point of S is incident with 
just one line of 2’. There holds / W j = st + 1. A subset 9 of B is normal 
provided (L, M) is regular and {L, M}” c 2, for all L, NE 9, L 4 A4 
c4, 91. 
1.2. THE KNOWN MODELS OF ORDER q AND ORDER (q - 1, q + 1). (a) 
The points of PG(3, q), together with the the totally isotropic lines with 
respect to a symplectic polarity form a generalized quadrangle W(q) with 
parameters 
,y=t= 4, v=b=(q+l)(q2+1) PI. 
We remark that the lines of W(q) are the elements of a linear linecomplex 
in PG(3, q) and that the symplectic polarity has the following canonical 
bilinear form: 
In W(q) all points are regular. All lines are regular iff q is even. 
(b) Consider an oval 0 of PG(2, q). Let PG(2, q) = H be embedded 
as a plane in PG(3, q) = P. Define points as (i) the points of P\H, (ii) the 
planes X of P for which j Xn 0 I = 1, and (iii) one new symbol (co). The 
lines are: (a) the lines of P which are not contained in H and meet 0 and, 
(b) the points of 0. The incidence is defined as follows: A point of type (i) 
is only incident with lines of type (a) and the incidence is that of P; a point 
of type (ii) is incident with all lines of type (a) contained in it and with the 
unique line of type (b) contained in it; the point (cc ) is incident with all 
lines of type (b) and with no line of type (a). This incidence structure is a 
generalized quadrangle, denoted by T2(0), with parameters 
s=t= 4, u=b=(q+l)(q2+1) c21 
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In T*(O) all lines of type (b) are regular. The point (co) is regular iff q is 
even. 
(c) Payne gives the following important construction method for 
generalized quadrangles of order (s- 1, s+ 1) [8,9]. Consider a 
generalized quadrangle S = (P, B, I) of order s, s > 1, with regular point X. 
Define P’ = P\x’. The set B’ contains two kinds of elements: the lines of 
type (a) are the lines of B which are not incident with x and the lines of 
type (b) are the hyperbolic lines {x, y}‘l, x 7L y. The incidence I’ is as 
follows: for y E P’ and L E B’ of type (a), we have yZ’L iff yZL; for y E P’ and 
L E B’ of type (b), we have yZ’L iffy E L. The incidence structure defined in 
this way is a generalized quadrangle of order (s - 1, s + l), which is 
denoted by P(S, x). 
If S is the quadrangle W(q), q odd, then P( W(q), x) z AS(q) with AS(q) 
the quadrangle due to Ahrens and Szekeres [l]. This model AS(q) can be 
described as follows: The points are the points of AG(3, q), q odd; the lines 
are the curves in AG(3, q) given by 
(1) x=c, y=a, z=b, 
(2) x=a, y=o, z=b, 
(3) x=ca2-ba+a, y= -2ca+b, z=(T, a,b,cEGF(q), and 0 a 
parameter in GF(q); and the incidence is the natural one. 
Taking for S the quadrangle T,(O’), q even, we obtain that P( &(O’), 
(co)) g T:(O) (0 is the complete oval containing the oval 0’), where 
T,*(O) is the quadrangle introduced by Ahrens and Szekeres [l] and 
independently by Hall [S]. This quadrangle can be described in the follow- 
ing way: Consider a complete oval in PG(2, q), q even. Let PG(2, q) = H be 
embedded as a plane in PG(3, q) = P. The points and lines of T;(O) are 
the points of P\H and the lines of P, which are not contained in H, and 
meet 0. The incidence is that of P. 
2. SPREAD OF SYMMETRY 
Let S = (P, B, I) be a generalized quadrangle of order (s - 1, s + l), s > 1, 
having a spread %?‘. Denote by G, the set of all automorphisms of 5’ which 
fix all lines of 2’. An element of Ga is called a 9-automorphism. 
2.1. LEMMA. A 9Cautomorphism which fixes a line of B\B is the identity. 
ProoJ: Let L E B\%!, rc E G, such that L” = L. Since all points of L are 
incident with a unique line of .!% we obtain that rc fixes all points of L. 
Denote by S, the structure of the fixed points and lines of rc. Applying 2.4.1 
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in [ 111, we only have to consider the case that S, is a subquadrangle of 
order (s’, t’), s’ > 2, t’ > 2. Since L has s + 1 fixed points there results s = s’. 
As 9 is a spread both in S and S, there holds st + 1 = st’ + 1, so t = t’. 1 
In an analogous way one can prove the next lemma, 
2.2. LEMMA. A W-automorphism which fixes a point is the identity. 
2.3. LEMMA. If L, ME B\.%?, there exists at most one .?&automorphism rc 
such that L” = M. 
Proof Let rci, rrn2 E G, map L on M. Then we have LX1”l’ = L, i.e., 
rci IZ; i fixes a line of B\W. By Lemma 2.1 there results rri = rc2. 1 
2.4. LEMMA. The order of the group G, divides s + 1. 
Proof The group G, acts semi-regular on the lineset B\9’. Hence the 
orbits of G, in B\9 have length ) Gw 1. Since (R, R’}‘, R, R’ E 9, is a 
union of orbits, we obtain 1 G, 1 1 s + 1. 1 
2.5. DEFINITION. We call 9 a spread of symmetry of the generalized 
quadrangle S if the group Gye of S acts transitively on each set of the form 
(R, R’}‘, R, R’ E 9, i.e., acts transitively on each line of 9. Hence 9 is a 
spread of symmetry iff 1 G9 j = s + 1. 
2.6. THEOREM. A spread of symmetry is a normal set. 
Proof. Let R, R’E~?, R#R’, with {R,R’}i={LI,...,L,+l}. For 
R” E 9, R” N L, we prove that R” N Li, 2 6 i 6 s + 1. From Definition 2.5 it 
follows that there exists a unique 9-automorphism ai E G, such that 
L’;c = Li, 2 < i < s -t 1. Since L, - R”, there holds LT = Li N R”, 2 6 i 6 s + 1. 
Hence R” E {R, R’} I’. Consequently we have j {R, R’ } ‘I 1 = s + 1 and 
{R R’} ‘I c !J+? So we conclude that !% is a normal set. 1 
To coordinatize the generalized quadrangles of order (s, s + 2) contain- 
ing a spread of symmetry 9, we use the coordinatization given by Payne 
[lo] for generalized quadrangles of order s having a center of symmetry 
(co). Therefore we need the next two theorems. 
2.7. THEOREM. Let S = (P, B, I) be a generalized quadrangle of order 
(s, s + 2) containing a spread of symmetry .%?. Then from S we can deduce a 
generalized quadrangle S’ = (P’, B’, I’) of order s + 1 with a center of sym- 
metry (co ). 
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ProoJ Since 2 is a normal set (Theorem 2.6), we can construct from S 
a generalized quadrangle S’ = (P’, B’, I’) of order s + 1 as follows [4,9]: 
Define the elements of P’ as (i) the points of P, (ii) the sets (R, R’}‘, 
R, R’ E .%‘, (iii) one new symbol (co). The lines of B’ are (a) the lines of 
B\% and (b) the sets { { Ri, Ri}l, i = 1, . . . . s + l> with { { Ri, Ri}ll, i= 
1 9 ...> s + 1 }, a partition of 2’. A point of type (i) is only incident with lines 
of type (a) and the incidence is that of S. A point of type (ii) is incident 
with the lines of type (a) contained in it and with the unique line of type 
(b) from which it is an element. The point (co) is incident with all lines of 
type (b), but with no line of type (a). Moreover the point (co) is a regular 
point in S’ [4,9]. So we can define the projective plane K(,), of order 
s+l, with the set (co)” as pointset and with the sets (u, u’)“~‘, 
U, U’ E (~0)~’ as lines [lo]. Denote by G, the group of &?-automorphisms 
of S. Let CIEG~, and let {R, R’}‘, R, R’ E %, be a point of type (ii) of s’. 
Then {R, R’}“= (R, R’}‘. Hence CI induces an automorphism CC’ of S 
which fixes (co) and all points of type (ii). It follows that a’ is a symmetry 
of S’ with center (co) (see [lo]). The automorphism group of S’, which 
corresponds to G,, is denoted by Gjp. Since / G& I= s + 1, we may conclude 
that (CC ) is a center of symmetry of S’ (see [lo] ). 1 
Also the converse theorem can be proved. 
2.8. THEOREM. Let S = (P, B, I) be a generalized quadrangle of order 
s + 1 containing a center of symmetry (CD). Then the quadrangle P(S, (CO)) 
of order (s, s-t 2) has a spread of symmetry -9, where g = 
{{@I> x>“\{(4) II XEP> x 4 (4). 
ProoJ Let (co) be a center of symmetry of S. From 4.7 in [IO] it 
follows that (co) is a regular point. From Section 1.2, we can define the 
quadrangle P(S, (GO)). It is obvious that the set .% of hyperbolic lines 
through (KI) is a spread in P(S, (co)). Denote by G,,, the group of sym- 
metries of S with center (co). We show that each CI E G,,, fixes all lines of 
92. Let x$(co)~. Since {(co), x}’ is fixed pointwise by CI, we have 
((4, xy = {(4,x>’ and so xX E {(co), x}l’. There follows that all 
hyperbolic lines of S through (co) are fixed by c(. Moreover, since 1 G,,, I = 
s + 1 and since each GI # 1 fixes no point of P\(W)‘, the group Gt4) acts 
transitively on the points distinct from (co) of each line of $3. Hence, the 
automorphism group G, of P(S, (co)), induced by G,,, , satisfies the con- 
ditions of Definition 2.5. Hence, 2 is a spread of symmetry in 
P(S> (a)). I 
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3. COORDINATIZATION OF THE GENERALIZED QUADRANGLES S OF 
ORDER (s, s + 2) ADMITTING A SPREAD OF SYMMETRY 3? 
In the sequel we suppose that S = (P, B, I) is a generalized quadrangle of 
order (s, s + 2), which contains a spread of symmetry ~4,“. Using 
Theorem 2.7 we construct from S a generalized quadrangle S’ = (P’, B’, I’) 
of order s + 1 having a center of symmetry (CC ). We coordinatize S’ apply- 
ing the method introduced by Payne in [lo]. Hence we describe S’ in 
terms of a planar ternary ring T= (R, F) with 1 R( =s + 1, a ternary 
operation F: R3 --f R, and the symmetry group G(,) with (G,,,J =s+ 1. 
We remind that for (R, F) the following conditions are satisfied [7]: 
(a) F(a,O,c)=F(O, b, c)=c, a, b,ceR. 
(b) F(l,a,O)=F(a, l,O)=a, UER. 
(c) If a, b, c, dg R, a # c, then there is a unique x E R for which 
F(x, a, b) = F(x, c, d). 
(d) Given a, 6, c E R, there is a unique x E R for which F(a, 6, x) = c. 
(e) For a, b, c, de R, a # c, there exists a unique pair (x, y) E R x R 
for which F(u, x, y) = b, F(c, x, y) = d. 
The projective plane rc(,) has as points: (co), (m), (a, b), m, a, be R, and 
as lines: [co], [a], [[m, k]], m, a, ke R, with (co), (m), (a, b) the points 
of (co)“, [a], [co] th e mes of S’ through (co), and with [[m, k]] the 1’ 
pointsets of the form {x, y}““, x, YE (a~l)~‘\{(co)}, x 4’ y. 
The incidences in nC,) are as follows: 
(a, b) is on [a] and [[m, k]] provided b= F(u, m, k), 
(m) is on [[m, k]] and [co], 
(co)ison[u]and[co],foralla,b,m,kER. 
Then the quadrangle S’ can be coordinatized in the following way [lo]: 
Type 1 Type II Type III Type IV 
points 
lines 
(m, g, k) 





withu,b,mER,gEG(,). The incidences are given by: 
I i. (co) is on [KI] and [a], UER; 
I 2. (m) is on [co] and [m, g], mER, gEG(,,; 
I 3. (a, b) is on Cal and [a, b, 81, gE G,,,; 
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I,. (m, g, k) is on [m, g] and [a, b, g’] provided b = F(a, m, k) and 
g’= U,(a, b, m)+ g, a, b, m, ke R, gEG(,) with the map U,: R3 + G,,, 
satisfying 
(1) U&J 0, ml = Uda, b, 0) = 0, 
(II) if bj = F(a,, m, kj) = F(ai, m’, k’) for i=l,2 and if 
-Uo(al,bl,m’)+ Uo(al,bl;m)= -Uo(a2,b2,m’)+ Uo(a2,b2,m) then 
m=m’ or a, =a,, and 
(III) if ai, bi, ki, m, E R, gi E G,,,, i= 1, 2, 3, and F(uj, miP 1, k,- 1) 
= F(aj, mj+ 1, kj+ I), U,(aj, bj, mJ-- 1) + gj- 1 = U,(aj> bj, mj+ 1) + gj+ 1 for 
all j (mod 3), then the m:s are not distinct or the ais are not distinct. 
Let us consider now the original quadrangle S= (P, B, I). The points of 
S are the points of type (I) with coordinates (m, g, k), m, k~ R, gE G,,,. 
The lines of B\& are the lines of types (I) and (II) with, respectively, coor- 
dinates [a, b, g] and [m, g]. The incidence in S is as follows: (m, g, k) is 
on [m, g] and on [a, b, g’], provided b =F’(a, m, k) and g’= 
Uda, b, ml + g. 
To coordinatize the lines of .!Z the next remark is essential. Let x = 
{R,, R;}‘, y= {R2, R;}‘, R,, R;, R,, R;E~, be two points of type (ii) 
(Theorem 2.7) in S’, x ?L ‘y. Then {R,, R;}” n (R2, R;}” = {R,} with 
R, ~9?! (see 4.1 in [4]). So the set {x, Y}~“’ of order s +2 has the follow- 
ing form: {{R,, Ri}‘, Ri EL%\). H ence we can give R, the coordinates of 
(XI Y} l’l’, i.e., [[m, k]], m, ke R. In S, the point z is incident with RO iff 
ZE {x, y}” in S’. In S’ the points of {x, y>“, with {x, y}““= [[m, k]], 
are of the form (m, g, k). So in S the points incident with RO are of the 
form (m, g, k). 
3.1. THEOREM. A generalized quadrangle S of order (s, s + 2) containing 
a spread 99 of symmetry can be coordinatized as follows: There is a planar 
ternary ring (R, F) with ) RJ =s + 1 and satisfying (a) through (e). There is a 
group Gw (written additively) with 1 G, 1 = s + 1. Finally, there is a function 
U,: R3 -+ G, satisfying (I), (II), and (III). The points and lines of S haue 
coordinates given by: 
points: (m, g, k), m, k E R, g E G, 
lines: (a) [[m, k]], 
(b) Cm, 81, 
(~1 [a, b, $1, m, k a, b E R, g E G,, 
where (m, g, k) is incident with [[m, k]], [m, g], and [a, b, g’] provided 
b = F(a, m, k) and g’ = Uo(a, b, m) + g. 
We can also prove the converse. 
8 DESOETE AND THAS 
3.2. THEOREM. Let (R, F), / R / = s + 1, be a planar ternary ring satisfy- 
ing (a) through (e). Let G be a group (written additively) with 1 G 1 = s + 1. 
Let U,: R3 -+ G be a function satisfying (I), (II), and (III). Then the 
incidence structure given in Theorem 3.1 is a generalized quadrangle S of 
order (s, s + 2) for which the lines [[m, k]] form a spread of symmetry. 
Proof Consider the incidence structure given in Theorem 3.1. We delete 
the lines of type (a) and we add new points and lines as follows: Define 
(s + 1)2 points (a, b), a, b E R, each incident with s + 1 lines [a, b, g], g E G, 
and define s+ 1 points (m), m E R, each incident with ss 1 lines [m, g], 
gE G. Define s + 1 lines [a], as R, each incident with s + 1 points (a, b), 
b E R, and a line [co] incident with s + 1 points (m). Finally we introduce 
the symbol (co) as a point incident with all lines [a], aE R, and with [co]. 
This new structure satisfies the conditions of 4.9 in [lo]. Hence it is a 
generalized quadrangle S’ of order s + 1 with a center of symmetry (co). 
The given structure in Theorem 3.1 is easily seen to be the quadrangle 
P( s’, (co)). Using now Theorem 2.8, the proof is completed. u 
3.3. DEFINITION. Let (R, F) be a planar ternary ring and let G be a 
groupwithIRI=IGI=s+l.LetU,:R 3 -+ G be a function which satisfies 
(I) through (III). Then we call U0 a 4-gonal function and the triple 
(R, G, V,) a 4-gonal set up [lo]. So the existence of a generalized 
quadrangle S of order (s, s + 2) with a spread of symmetry B? is equivalent 
to the existence of a 4-gonal set up (R, G, U,) with I RI = s + 1. 
3.4. EXAMPLES. Let R = (R, +, o ) be a right quasifield. Hence 
F(a, m, k) = a o m + k, where 
(1) (R, +)isagroup, 
(2) (x+ y)oz=xoz+ yoz, 
(3) aoO=O, 
(4) CR*, 0 ) is a loop (R* = R\{O)), 
(5) x~a=x~b+chasauniquesolutionforxifa#b,a,b,cER. 
This implies that (R, + ) is abelian. 
We assume that G = (R, +) and that U,: R3 + R satisfies (I), (II), (III), 
and 
(IV) U,(a, b, m) + U,(a’, b’, m) = U,(a + a’, b + b’, m). 
Then the conditions (II) and (III) for U, are equivalent to [lo]: 
(II’) U,(a, a 0 m, m’) = U,(a, a 0 m, m) implies a = 0 or m = m’. 
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(III’) If m, , m2, m3 are distinct and if the following three equations 
hold: 
i$l 4 = 0, l$lai~m,=O, i Uo(ai, ai 0 mi, mi) = 0, 
i= 1 
then a, =0 for i= 1, 2, 3. 
To see how the quadrangles AS(q), T,*(O), and P( T,(O), x), with x a 
point of the oval 0 (i.e., with x a line of type (b) of T*(O)), arise from a 4- 
gonal set up, let R be the field GF(q), let G = (R, + ), and suppose first that 
U, has the form U,(a, b, m) = am’+? - 2bmY, where y is a permutation of R 
satisfying OY = 0 and ly = 1. Then clearly U,, satisfies (I) and (IV). The 
function U0 satisfies (III’) iff for distinct m,, m2, m3 with CI: x---)x~+~, 
Hence in the projective plane over R, the points with coordinates 
(1, x, x’), x E R, together with (0, 0, 1) form an oval [6]. By a known result 
of Segre [ 121, in case 1 R 1 is odd we have xx= x2 for x E R. Clearly then 
also (II’) is satisfied. We show that the quadrangle which arises is 
isomorphic to AS(q) with q = s + 1. 
If the points of S are identified with the points (x, y, z) of AG(3, q), then 
by Theorem 3.1 the lines of 5’ are represented by the equations 
(a) x=m, y=a, z=k, 
(b) x=m, y= g, z=o, 
(cl x=cr, y= -ao2+2bo+g’, z=b-ao, 
m, g, k, a, b, g’ E GF(q) and rs a parameter in GF(q). Applying the aftine 
transformation defined by 
XI = y/2, y’= -2, z’ = x 
we obtain for the lines of S: 
(4 x=o, y= -k, z=m, 
(b) x=g/2, y=a, z=m, 
(c) x= -(a/2)a2+ba+g’/2, y=aa-b, Z=CT. 
Now it is immediate that this is the model of Ahrens and Szekeres. 
If 1 R 1 = 2h the condition (II’) is satisfied precisely when M is a per- 
mutation and (III’) is satisfied iff (my + m;)/(ml + m2) # (m”; + m;)/ 
(m, +m,), for distinct m,, m2, m3. We show that S is isomorphic to the 
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dual of P( T,(O), x) with x a line of type (b) of T2(0), i.e., with x a point of 
the oval 0 (Sect. 1.2(b)). The points of the dual s of S are the lines 
[[m, k]], [m, g], and [a, 6, g’], and the lines of S are the points (m, g, k). 
Identifying the points [x, y, z] of S with the points (x, y, z) of AG(3, q), 
the line (m, g, k) of ,!? contains the points (x, y, z) of AG(3, q) with 
y=xm+k, z=xma+g. 
Hence with a line of s there corresponds a line of AG(3, q). The points at 
infinity of these lines of AG(3, q) are (0, 1, m, m’). Together with x= 
(0, 0, 0, l), these points (0, 1, m, ma) form an oval 0 in the plane at infinity 
PG(2, q) of AG(3, q). The kernel of 0 is the point (0, 0, 1, 0). The point 
[Cm, kll (rev. Cm, sl) of 3 is incident with the lines (m, g, k) of 3. The 
corresponding lines of AG(3, q) all lie in the plane y = xm + k (resp. z = 
xmn+ g). So with the points [[m, k]] (resp. [m, g]) there correspond the 
planes of AG(3, q) containing (0, 0, 0, 1) but not (0, 0, 1,O) (resp. 
(0, 0, 1,O) but not (0, 0, 0, 1)). There immediately follows that s is 
isomorphic to the quadrangle P( T,(O), x). 
Next we suppose that U, has the form U,,(a, 6, m) = a’m, where CI is a 
permutation of R = GF(q), q = 2h, satisfying 0” =0 and 1” = 1. Then it is 
obvious that U, satisfies (I) and (II). Condition (III) can be transformed in 
(III”) If a,, a2, a3 are distinct and if the following equations hold: 
j, mi = 09 .g, aimi = 0, ;gl aTmi = 0, 
then mi = 0 for i = 1,2, 3. 
So (III”) is satisfied iff for distinct a,, a2, a3 
1 1 1 
i.e., iff the points (1, X, xa), x E R, together with (0, 0, 1) form an oval [6] 
in the projective plane over R. From now on we assume that such is the 
case. 
If the points of S are identified with the points (x, y, z) of AG(3, q) then 
by Theorem 3.1 the lines of S are represented by the equations 
(a) x=m, y=u, z=k, 
(b) x=m, y=g, z=u, 
(c) x=o, ~=a%+ g’, z=aa+ b, 
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m, g, k, a, b, g’ E GF(q), and cs a parameter in GF(q). The points at infinity 
of these lines are respectively (0, 0, 1, 0), (0, 0, 0, l), and (0, 1, an, a). Hence 
these points at infinity form a complete oval 0. So we may conclude that 
the obtained quadrangle is isomorphic to T;(O). 
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